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Takashi Yanagisawa, Yoichi Higashi, and Izumi Hase
Electronics and Photonics Research Institute, National Institute of Advanced Industrial Science and Technology, 1-1-1
Umezono, Tsukuba, Ibaraki 305-8568 Japan
We investigate quasi-particle excitation modes and the topological number of a fractional-flux quantum vortex in a
layered (multi-component) superconductor. The Bogoliubov equation for a half-flux quantum vortex is solved to show
that there is no low-lying Andreev bound state near zero energy in the core of a quantum vortex, which is surprisingly in
contrast to the result for an inter-flux vortex. Related to this result, there are singular excitation modes that have opposite
angular momenta, moving in the opposite direction around the core of the vortex. The topological index (skyrmion
number) for a fractional-flux quantum vortex becomes fractional since the topological index is divided into two parts
where one from the vortex (bulk) and the other from the kink (domain wall, boundary). The topological numbers for both
the vortex and the kink (domain wall) are fractional, and their sum becomes an integer. This shows an interesting analogy
between this result and the index theorem for manifolds with boundary. We argue that fractional-flux quantum vortices
are not commutative each other and follow non-abelian statistics. This non-abelian statistics of vortices is different from
that in p-wave superconductors.
1. Introduction
Multi-component superconductivity has been studied in-
tensively.1–14) There appear many significant phenomena in
multi-component superconductors such as time-reversal sym-
metry breaking,5–16) the appearance of massless modes,17–24)
the existence of fractional-flux quantum vortices,9, 25–40) and
unconventional isotope effect.41–43) A fractional-flux quan-
tum vortex (FFQV) has been examined in the study of multi-
component superconductors. The existence of an FFQV has
been proposed theoretically in multi-component supercon-
ductors and there have been several experimental attempts to
observe FFQVs. Recently, the observation of an FFQV in an
Nb thin film superconducting (SC) bilayer has been reported
as a magnetic flux distribution image by using a scanning
superconducting quantum interference device (SQUID) mi-
croscope.38) It is then important to clarify quasi-particle ex-
citation modes in an FFQV and a half-flux quantum vortex
(HFQV) in multi-component or layered superconductors.
An FFQV has the fractional vorticity Q where the magnetic
flux in an FFQV is Qφ0 for the unit quantum flux φ0 = h/2|e|
(in MKS units). An FFQV can be regarded as a micro vor-
tex (Q < 1) which is defined against the giant vortex.44) We
have Q = 1/2 for an HFQV. The existence of a fractional-flux
quantum vortex is strongly related to the existence of a kink
solution in the phase space of SC gaps. In a two-gap supercon-
ductor, we have two global phases φ1 and φ2 associated with
two SC gaps. The phase difference, defined by ϕ = φ1 − φ2,
satisfies the sine-Gordon equation, ∂2ϕ/∂y2 − α sin ϕ = 0,
where α is a constant and we assume that ϕ has spatial de-
pendence in the direction y. Since the cosine potential is a
function of period 2π, there is a kink solution satisfying the
boundary condition that ϕ → 0 as y → −∞ and ϕ → 2π as
y → ∞. An HFQV exists at the end of the kink.9, 45) This is
because a net-change of φ1 is 2π by a counterclockwise en-
circlement of the vortex and that of φ2 vanishes by including
contributions from the kink. We can define the total vortic-
ity QT as the net-change of phase φi divided by 2π. We have
QT = 1 for one band and QT = 0 for the other band.
In this paper, we investigate the quasi-particle excitation
modes in an FFQV. The Bogoliubov equation for an HFQV
is solved numerically to obtain the energy spectra of excita-
tion modes. We show that there are no quantized excitation
modes near zero energy in the core of an HFQV, indicating the
absence of low-lying Andreev bound states. There are quan-
tized excitation modes in the kink as well, which are Andreev
bound states since the gap function changes its sign when go-
ing across the kink. We also show that the topological number
Nvortex, which is just regarded as the skyrmion number, be-
comes fractional for an FFQV: Nvortex = Q. The kink also has
the fractional topological number. This is a phenomenon that
the part of the index number is absorbed into the boundary
(kink). Lastly, we argue that two half-flux quantum vortices
are not commutative, namely, they follow non-abelian statis-
tics.
2. Bogoliubov Equation for an FFQV
The SC gap function is written as
∆(r) = ∆0(r) exp(−iQφ), (1)
where ∆0(r) = ∆∞ tanh(r/ξ0) for r = |r| and Q is the vorticity.
ξ0 is the coherence length defined by ξ0 = ~vF/∆∞ with the
Fermi velocity vF . φ = φ(θ) is a function of the angle variable
θ. In the absence of a kink, we have φ(θ) = θ for all θ. For
an HFQV (Q = 1/2) in a two-component (bilayer) supercon-
ductor, there is the kink where the phase φ changes abruptly.
The behaviors of φi(θ) (i = 1, 2) for two gaps as a function
of θ are shown in Fig. 1 and Fig. 2 for the first band and sec-
ond band, respectively. In these figures, φ1 and φ2 are shown
as a step function for simplicity, which we call the step func-
tion approximation. We show the phase φ2 as a function of
two-dimensional coordinates x and y in Fig. 3. In this paper
we consider only one band (one layer) by assuming that the
Josephson coupling is small. The Bogoliubov equation for an
1
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FFQV reads(
− ~
2
2m
∇2 − ǫF ∆(r)
∆
∗(r) ~
2
2m
∇2 + ǫF
) (
u j(r)
v j(r)
)
= ε j
(
u j(r)
v j(r)
)
,
(2)
where j refers to a quantum number representing a quantum
level and ǫF indicates the Fermi energy. We have neglected
the vector potential by assuming the high Ginzburg-Landau
parameter. We write the wave function in the form,
Ψ j(r) ≡
(
u j(r)
v j(r)
)
= e−iQσ3φ/2eiµφ
(
u˜µn(r)
v˜µn(r)
)
=
(
ei(µ−Q/2)φu˜µn(r)
ei(µ+Q/2)φv˜µn(r)
)
, (3)
where σ3 is the Pauli matrix. n ia a radial quantum number
and µ denotes the angular momentum written as Lz = µ~. We
use the same parametrization as for a giant vortex.44) In the
absence of a kink, u˜µn and v˜µn depend only the radial variable
r.
The Bogoliubov equation for particle and hole like excita-
tions is
σ3
~
2
2m
[
−
∂2 f
∂r2
−
1
r
∂ f
∂r
−
1
r2
∂2 f
∂θ2
− k2F f
+
(
µ −
Q
2
σ3
)2 1
r2
(
∂φ
∂θ
)2
f − i
(
µ −
Q
2
σ3
)
1
r2
∂2φ
∂θ2
f
−2i
(
µ −
Q
2
σ3
)
1
r2
∂φ
∂θ
∂ f
∂θ
]
+ σ1∆0(r) f = ǫµn f , (4)
where we put
f = f (r) = f (r, θ) =
(
u˜µn(r)
v˜µn(r)
)
. (5)
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Fig. 1. (Color online) Phase φ1 of the first band as a function of the angle
variable θ within the step-function approximation. φ1 changes at θ = 2πn for
integer n. Q is the vorticity of a vortex and the phase of the first gap is given
by Qφ1. The scale of vertical axis corresponds to Q = 1/2.
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Fig. 2. (Color online) Phase φ2 of the second band as a function of the
angle variable θ within the step-function approximation. The dashed line in-
dicates the phase difference φ1 − φ2. φ2 changes at θ = 2πk for integer k. Q
is the vorticity of a vortex. The scale of vertical axis corresponds to Q = 1/2.
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Fig. 3. (Color online) Phase Qφ2 = φ2/2 for Q = 1/2 in the second layer
as a function of two-dimensional coordinates x and y. There is a kink on the
positive part of x axis.
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Fig. 4. (Color online) Y(θ) as a function of θ for Q = 1/2. Y(θ) is given by
a step function in the step-function approximation for the kink. In general,
Y(θ) is a smooth function of θ as shown by the curve in the figure.
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3. Wave Function of Variable Separation Form
We will find a solution of the variable separation form:
f (r, θ) = exp
(
iY(θ)Cˆ
)
g(r), (6)
where Cˆ is a constant matrix, Y(θ) is a function of θ and g(r)
is a radial function of r = |r|. The equation for g(r) and Y(θ)
reads
σ3
~
2
2m
[
−
∂2g
∂r2
−
1
r
∂g
∂r
−
(
iY′′(θ)Cˆ − Y′(θ)2K2
) 1
r2
g − k2Fg
+
(
µ −
Q
2
σ3
)2 1
r2
(
∂φ
∂θ
)2
g − i
(
µ −
Q
2
σ3
)
1
r2
∂2φ
∂θ2
g
−2i
(
µ −
Q
2
σ3
)
iY′(θ)Cˆ
1
r2
∂φ
∂θ
g
]
+ e−iYCˆσ1e
iYCˆ
∆0(r)g
= ǫµng, (7)
where we assume that Cˆ commutes with σ3. We have a solu-
tion when g(r) and Y(θ) satisfy the following equations:
σ3
~
2
2m
[
−
∂2g
∂r2
−
1
r
∂g
∂r
+Mˆ
1
r2
g−k2Fg
]
+e−iYCˆσ1e
iYCˆ
∆0(r)g = ǫµng,
(8)
−
(
iY′′(θ)Cˆ − Y′(θ)2Cˆ2
)
+
(
µ −
Q
2
σ3
)2 (∂φ
∂θ
)2
−i
(
µ −
Q
2
σ3
)
∂2φ
∂θ2
+ 2
(
µ −
Q
2
σ3
)
CˆY′(θ)
∂φ
∂θ
= Mˆ,
(9)
where Mˆ is a matrix depending on µ and possibly depends on
θ. When there is no kink, we have φ(θ) = θ and Y(θ) = 0,
and then Mˆ = (µ−Qσ3/2)
2. We will find a solution under the
condition that Y = 0 when φ(θ) = θ. Y(θ) may be expanded
in terms of φ − θ as: Y = a1(φ − θ) + a2(φ − θ)
2
+ · · · . Since
we adopt the step function approximation for φ, Y should be
linear in φ − θ given as
Y(θ) = φ(θ) − θ, (10)
so that the delta-function singularity should be removed. Then
we obtain
Cˆ = −
(
µ −
Q
2
σ3
)
, (11)
Mˆ = Cˆ2 =
(
µ −
Q
2
σ3
)2
. (12)
The equation for g(r) is also followed with this matrix Mˆ.
When φ(θ) is given by the step-function approximation, Y(θ)
is given by a step function whose derivative has the form
Y′(θ) = 2π
∑
k∈Z
δ(θ − 2πk), (13)
where k takes values for all integers. The behavior of Y(θ) is
shown in Fig. 4 where Y(θ) is shown as a function of θ.
The angular dependence of f (r, θ) is given as
eiY(θ)Cˆ = e−iY(θ)µ
(
eiQY(θ)/2 0
0 e−iQY(θ)/2
)
. (14)
When Q = 1/2, this factor reads
eiY(θ)Cˆ = e−iY(θ)(µ−1/4)
(
1 0
0 e−iY(θ)/2
)
. (15)
Hence turning around the vortex core in the counterclockwise
direction changes the relative phase of u and v as(
u˜µn
v˜µn
)
→
(
−u˜µn
v˜µn
)
, (16)
since Y(θ) changes by 2π. When the quasiparticle goes around
the vortex twice, u˜µn and v˜µn return to their original values.
Within the step-function approximation the equations for
tg(r) ≡ (u˜µn(r), v˜µn(r)) are
d2u˜µn
dr2
+
1
r
du˜µn
dr
+ k2F u˜µn −
1
r2
(
µ −
Q
2
)2
u˜µn −
2m
~2
∆0(r)v˜µn
= −
2m
~2
εµnu˜µn, (17)
d2v˜µn
dr2
+
1
r
dv˜µn
dr
+ k2F v˜µn −
1
r2
(
µ +
Q
2
)2
v˜µn +
2m
~2
∆0(r)u˜µn
=
2m
~2
εµnv˜µn, (18)
where u˜µn(r) and v˜µn(r) are a radial function depending only
on r (where we used the same symbols as u˜µn(r) and v˜µn(r)).
4. Absence of Low-Lying Andreev Bound States in the
Vortex Core
We now examine the quasiparticle excitation spectra for an
HFQV. From the boundary condition for Ψ(r) = Ψ(r, θ) given
as
Ψ(r, θ + 2π/Q) = Ψ(r, θ), (19)
the value of µ is quantized as
µ = Q(ℓ + 1/2) for ℓ ∈ Z. (20)
When we follow the conventional method,46–48) the eigen-
value ε is given as
εµ = Qµ~ω0 = (ℓ + 1/2)Q
2
~ω0, (21)
where ~ω0 ≃ ∆
2
∞/ǫF . The quasiparticle spectrum, however, is
completely different from this prediction for an FFQV. We
show numerical results of excitation modes for an HFQV
(Q = 1/2) in Fig. 5 and Fig. 6, where length and energy are
measured in units of ξ0 and ∆∞, respectively. One notices a
gap in excitation modes of an HFQV in the vicinity of µ = 0.
This indicates that the Andreev bound state does not exist near
zero energy in the HFQV vortex core, in contrast to excitation
modes of a vortex with Q = 1.
The spectra in Fig. 5 and Fig. 6 indicate a very surprising
feature for an HFQV. The positive-energy quasi-particle state
with negative angular momentum Lz exists near µ = 0. This
indicates that the negative-Lz quasiparticle is moving in the
opposite direction compared with that with positive Lz. The
eigenfunctions of the Bogoliubov equation are shown in Fig.
7 and Fig. 8, where we choose µ = 1/4 (ℓ = 0) (Fig. 7) and
µ = −1/4 (ℓ = −1) (Fig. 8). We selected two states near
µ = 0; the index n = 0 indicates the highest negative energy
state and n = 1 the lowest positive energy one, respectively.
The wave function of the positive energy state with negative
angular momentum shows the similar behavior as that with
the positive angular momentum state.
Phase change across the kink When Y(θ) is a general func-
tion of θ, the equation for the radial function g(r) is written
3
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Fig. 5. (Color online) Excitation modes around an HFQV for kFξ0 = 3.0.
The cutoff distance of a superconducting disk is rc = 25ξ0.
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Fig. 6. (Color online) Excitation modes around an HFQV for kFξ0 = 10.0.
The cutoff distance of a superconducting disk is rc = 25ξ0.
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Fig. 7. (Color online) Eigenfunctions of the Bogoliubov equation for an
HFQV for µ = 1/4 with n = 0 and 1 where kFξ0 = 3.0 and the cutoff
distance of an SC disk is rc = 25ξ0 . The wave function for ε1/4,0 corresponds
to the anomalous negative energy state with positive angular momentum.
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Fig. 8. (Color online) Eigenfunctions of the Bogoliubov equation for an
HFQV for µ = −1/4 with n = 0 and 1 where kFξ0 = 3.0 and the cutoff
distance of an SC disk is rc = 25ξ0. The wave function for ε−1/4,1 corresponds
to the anomalous positive energy state with negative angular momentum.
as
σ3
~
2
2m
[
−
∂2g
∂r2
−
1
r
∂g
∂r
+ Mˆ
1
r2
g − k2Fg
]
+
(
0 e−iYQ
eiYQ 0
)
× ∆0(r)g = ǫµng. (22)
When Y = 0, the potential term equals ∆0(r)g, while the po-
tential term becomes −∆0(r)g when Y = 2π with the change
of sign for Q = 1/2. As Y changes from 0 to 2π, the phase of
u˜µn changes by π and and that of v˜µn remains the same. This
is shown in Figs. 9 and 10. Thus the wave function is defined
on a Riemann surface where two planes are connected on the
kink as the Riemann surface of complex function w = z1/2
with z = x + iy.
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Fig. 9. (Color online) Eigenfunction u of the Bogoliubov equation for an
HFQV for Y = 0 and Y = 2π with µ = 1/4, n = 0 and 1 where kFξ0 = 3.0
and the cutoff distance of an SC disk is rc = 25ξ0 .
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Fig. 10. (Color online) Eigenfunction v of the Bogoliubov equation for an
HFQV for Y = 0 and Y = 2π with µ = 1/4, n = 0 and 1 where kFξ0 = 3.0
and the cutoff distance of an SC disk is rc = 25ξ0.
5. Topological Index with Boundary and Fractional
Skyrmion Number
Topological index with boundary The skyrmion number (or
Chern number) is the topological number that can be assigned
to a vortex. Usually this number is an integer for a vortex
with integer vorticity, which is related with property that the
Andreev bound state exists near zero energy. We show that
the topological numer is fractional for an FFQV. We write the
Hamiltonian in the form,
H = ǫ(x, y)σ3 + ∆0(r) cos(Qφ)σ1 + ∆0(r) sin(Qφ)σ2
= E(x, y) (n3σ3 + n1σ1 + n2σ2) , (23)
where E(x, y) =
√
ǫ(x, y)2 + ∆0(r)2. n ≡ (n1, n2, n3) is a vector
of unit length: n2
1
+ n2
2
+ n2
3
= 1. Immediately we can define
the topological number associated with n,
N ≡
1
4π
∫
n ·
(
∂n
∂x
×
∂n
∂y
)
dxdy. (24)
Whether N is an integer or not is dependent on the boundary
condition for (θ, Qφ). Let us consider an HFQVwith Q = 1/2.
The angle variable θ is given by θ = tan−1(x/y), and when θ
varies from 0 to 2π, Qφ varies from 0 to π. Qφ = φ/2 is
parametrized as
sin (Qφ) =
1
2i
((
z
r
)Q
−
(
z¯
r
)Q)
, (25)
cos (Qφ) =
1
2
((
z
r
)Q
+
(
z¯
r
)Q)
, (26)
for z = x + iy and its complex conjugate z¯ = x − iy. When the
point (x, y) moves on the entire plane for 0 < θ < 2π, (θ, Qφ)
covers half of the sphere S 2.
For an HFQV, we have two contributions N = Nvortex+Nkink
from the regions R = {δ < θ < 2π − δ} and ∂R = {−δ < θ <
δ} for small positive δ, respectively. We can write Nvortex =
Nbulk and Nkink = Nboundary. We define the angle ϕ by cosϕ =
ǫ/
√
ǫ2 + ∆2
0
and sinϕ = ∆0/
√
ǫ2 + ∆2
0
. Then we have
Nvortex =
Q
4π
∫
θ∈R
sinϕ
(
∂ϕ
∂x
∂φ
∂y
−
∂ϕ
∂y
∂φ
∂x
)
dx ∧ dy
=
Q
2
∫
∆
2
0
(ǫ2 + ∆2
0
)3/2
dǫ = Q =
1
2
, (27)
where we assume that ǫ takes the value −∞ < ǫ < ∞ and
dǫ/dr ≥ 0. Nvortex is regarded as the skyrmion number for
the vortex. When θ ∈ ∂R, we use dφ/dθ = 2πδ(θ) so that we
obtain
Nkink =
Q
4π
∫
θ∈∂R
sinϕ
∂ϕ
∂r
2πδ(θ)dr ∧ dθ = Q =
1
2
. (28)
The total index N is given by
N = Nvortex + Nkink = 1. (29)
This indicates that the topological number is divided into two
contributions from the vortex and the kink (boundary). This is
the reason why the vortex has the fractional topological num-
ber. This may be regarded as a kind of the index theorem for
manifolds with boundary.51–53)
Skyrmion on a Riemann surfaceThis is generalized for gen-
eral rational Q, where we have
Nvortex = Q. (30)
Thus the topological number Nvortex is a fractional number
for an FFQV. An FFQV can be regarded as a skyrmion on a
Riemann surface. For an HFQV, φ is defined on the Riemann
surface defined by the function w = z1/2. The Riemann sur-
face w = z1/2 is identical to S 2 by compactification, which
induces a map S 2 → S 2. The topological number Nvortex is
the winding number of this map. Thus Nvortex calculated on
the Riemann surface is Nvortex = 1. Nvortex for an HFQV cor-
responds to the integration on one sheet and this results in
Nvortex = 1/2.
Non-abelian statistics of fractional-quantum vortices We
argue that fractional-quantum vortices follow non-abelian
statistics. Suppose that an FFQV goes around the other FFQV
in the counterclockwise direction. The phase of an electron
and a hole in the FFQV changes Qπ and −Qπ, respectively.
For an HFQV, the wave function takes phase factors i and
−i for electrons and holes, respectively. Then the Bogoliubov
operator is transformed to the other operator in the process
of exchange of HFQVs and the Bogoliubov amplitudes are
transformed as (
u
v
)
→
(
u
−v
)
. (31)
This indicates that two HFQVs follow non-abelian statistics.
This differs from the non-abelian statistics in p-wave super-
conductors.54)
6. Discussion
We have investigated quasi-particle excitation modes in a
half-flux quantum vortex by solving the Bogoliubov equation
numerically. We have found that there is no low-lying An-
dreev bound state near zero energy in the vortex core, that is,
there is the energy region where no Andreev bound states ex-
ist. The skyrmion number Nvortex becomes fractional for an
FFQV. An HFQV is nothing but a half-skyrmion. The index
5
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Nkink is just the boundary contribution, and Nvortex = Nbulk
becomes fractional due to this: Nvortex = N − Nkink.
We discuss scanning tunneling microscope (STM) obser-
vations of HFQV here. It is important that the existence of
HFQV will be confirmed by measurements by STM measure-
ments because the quasiparticle spectra are different between
HFQVs and conventional vortices. The phase of u˜ takes two
values 0 or π depending on which side of the Riemann sur-
face the quasiparticle lies. The density of states depends on
|u˜|2 and |v˜|2 and is independent of the phase of u˜. Thus scan-
ning tunneling spectroscopy (STS) results will not depend on
the plane of the Riemann surface of the phase of u˜.
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